Engineers encounter the problem of friction in any mechanical system. Friction force is strongly nonlinear and varies considerably while the system is working. In the case of high-precision applications friction makes the situation even more complex, as the stick-slip effect occurs near the target position. This paper introduces a pneumatic servo-system for investigation of the behavior of friction near the target position. A new model is proposed which takes the hysteresis loop of the friction also into consideration emphasizing the importance of hysteresis. This paper presents the tensorproduct (TP) based modeling of friction which is suitable for control design. The main advantage of the TP model transformation is that due to its polytopic model form Linear Matrix Inequality (LMI) can be immediately applied to the resulting model to yield controllers with guaranteed performance. The main contribution of this paper is the application of TP model transformation making the identification of friction parameters unnecessary by utilizing directly the measured data itself.
INTRODUCTION
Pneumatic actuators are widely used in industrial field due to their advantages like low cost, durability, high power-to-weight ratio etc. However their modeling and controlling is really challenging as they are strongly nonlinear: nonlinear overlapping of valve sections, air compressibility, heat transfer etc. One of the most interesting amongst these nonlinearities is the friction phenomenon.
Friction is omnipresent and a constant issue in any mechanical system [1] [2] . In high precision applications for instance this can be a very annoying issue. Positioning can become really challenging. A proper model for friction could provide relief. However the very mechanisms of friction are still not fully understood and accurately modeled. Simple linear friction models do not perform well in solving this problem. Nonlinear approaches have also been proposed [3] [4] [5] with more or less success, many of them being based on empirically collected data. In this paper a novel approach is presented, based on tensor product (TP) transformation. The tensor product model form is a dynamic model representation whereupon Linear Matrix Inequality (LMI) based control design techniques [6] [7] [8] can immediately be executed. It describes a class of Linear Parameter Varying (LPV) models by the convex combination of linear time invariant (LTI) models, where the convex combination is defined by the weighting functions of each parameter separately. The TP model transformation is a recently proposed numerical method to transform LPV models into TP model form [9] [10] [11] . An important advantage of the TP model forms is that the convex hull of the given dynamic LPV model can be determined and analyzed by one variable weighting functions. Furthermore, the feasibility of the LMIs can be considerably relaxed in this representation via modifying the convex hull of the LPV model.
Lots of theoretical models have been elaborated using TP during the last decade, however few applications have been practically implemented yet using TP transformations. This paper is intended to constitute a bridge between the mathematical description and the engineering applications.
The paper has the following structure. The next section introduces the mathematical framework of the TP transformation, then section 3 briefly presents different friction models, section 4 gives a description of the experimental setup, then section 5 introduces the tested models and section 6 gives a comparison of the simulation results.
THEORETICAL BACKGROUND OF THE TP TRANSFORMATION
Consider a parametrically varying dynamical system [1] :ẋ
with input u(t) ∈ R p , output y(t) ∈ R q and state vector x(t) ∈ R n . The system matrix is a parameter-varying object, where (t) ∈ Ω is a time varying N -dimensional parameter vector, and is an element of the closed hypercube
The parameter p(t) can also include some elements of x(t).
Given the LPV system description in (1), it can be reformulated using:
thus:
Expression (2) may be approximated over any p(t) using a number of R LTI system matrices (S r , r=1, ..., R). These S r matrices are also known as LTI vertex models. The convex combination can be built using the weighting functions w r (p(t)) ∈ [0, 1] in such manner, that S(p(t)) fits into the convex hull formed by S r , that is S(p(t)) = co{S 1 , S 2 , ..., S R } w(p(t)) . The explicit form of the tensor product then becomes:
The function w n,j (p n (t)) is the j th basis function belonging to the n th dimension of Ω and p n (t) is the n th element of the p(t) vector. I n denotes the number of weighting functions used in the n th dimension. The multiple indexes i 1 , i 2 , ..., i N point at the LTI system associated with the i n th weighting function. There are R = N I N LTI systems denoted S i1,i2,...,iN .
TP model to be a convex combination, the weighting functions must satisfy:
The main steps of the Tensor Product Model Transformation as shown in Fig. 1 . are:
• first we need a discretized model in p ∈ Ω. As shown in Fig. 1 , the discretized model can be obtained from measurement in direct way or using a nonlinear analytical S(p(t)) model and the computation of system matrix S(g) over the grid points g of a hyperrectangular grid net defined in Ω.
• the second step extracts the singular value based orthonormal structure of the system, namely, this step determines the minimal number the LTI systems in orthonormal position according to the ordering of the singular values and defines the orthonormal discretized weighting functions of the searched polytopic model.
• the LTI systems and the discretized weighting functions can be modified, in order to satisfy further conditions for the weighting functions: for instance, this step can ensure the convexity of the weighting functions (5).
FRICTION MODELS OVERVIEW
This overview is neither intended to be exhaustive nor detailed. It is only to briefly review some of the most widely applied friction models.
Probably the most simple and most straightforward way of modeling friction is to assume friction is constant and opposite to the direction of motion (see Fig. 2a ). This makes friction independent from the value of the velocity and size of the contact area:
where F c friction force is proportional to the normal load:
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Fig. 1. TP transformation based design algorithm
This is the Coulomb friction model.
One of the main shortcomings of the Coulomb model is the absence of zero velocity friction force, which in reality is very present. Also the independence from the velocity is contrary to what has been experienced with real systems. To overcome these issues, the Coulomb model can be completed for instance with the viscous friction model which states:
The model is used for the friction caused by the viscosity of the fluids, specifically lubricants. A combination with Coulomb friction yields (see Fig. 2b ):
The model can be refined by adding the influence of an external force for the friction at rest. This, however, leads to a discontinuous function. Here, an important contribution has been made by Stribeck, who proposed a model which involves a nonlinear, but continuous function:
where v s is the Stribeck velocity, δ is an empirical parameter, F s is the static friction force. A similar model was employed by Hess and Soom [12] .
The Stribeck curve is an advanced model of friction as a function of velocity (see Fig. 2d ). Although it is still valid only in steady state, it includes the model of Coulomb, static and viscous friction as built-in elements.
There are several more advanced models in the technical literature [13] [14] [15] . This paper does not intend to introduce any new friction model. Only a new representation of the existing models is proposed which is suitable for controller design. The main contribution of this new model is that the effect of the hysteresis is applied in the simulation and the model is constructed in a way that can be handled by controller design algorithms suitable for nonlinear systems.
Fig. 2. Different friction curves (friction vs. velocity): a) Coulomb friction, b) viscous friction, c) influence of an external force for the friction at rest added to the viscous friction, d) Stribeck curve

SYSTEM DESCRIPTION
Servo-pneumatic system
The control of pneumatic systems can be very challenging, due to their strong nonlinearity [16] [17] [18] [19] [20] . As a first step of control design in this paper we focus on the modeling of our experimental setup. The case is complex, as there is nonlinear correlation between the volume flow and chamber pressure, nonlinear overlapping of valve sections, air compressibility, heat transfer on the chamber wall etc.
The question is which effect is worth modeling. If we carry out a deeper investigation of the system it can be highlighted that influence of the thermal effects is minimal. The behavior of the servo-pneumatic system depends on electronic, mechanic, fluid and thermal effects. Comparing these effects we can see that the time constant of the thermal phenomenon is at least one order of magnitude higher, thus the heat transfer has no significant influence on the dynamic behavior of the pneumatic system. As our modeling focuses on the phenomenon of friction we neglected the thermal and air leakage effects. Based on the above considerations our model is handled as adiabatic, reversible, thus an isentropic process. The mechanical part of the pneumatic system can be interpreted as a simple spring-mass system, where the chamber volumes act like springs and pressure gives the spring stiffness. This stiffness is relatively small for pneumatic systems. Friction appears between the piston and the chamber-wall and between the piston-rod and the cylindercover. It has a strong influence in the case of pneumatic systems during position control due to the previously mentioned facts. Thus the effect of stick-slip can be investigated much easier. The dynamics of the piston depend on the chamber pressures, which can be changed basically by two processes: airflow inwards and airflow outwards.
The pressure built up in the cylinder during isentropic process is described by the following differential equation for the left chamber side: (13) respectively for the right chamber side:
The mass flows based on Fig. 3 .: 
Let us build up a state space for our experimental setup. The state variables are the piston position x, the piston velocity v, the pressure of the left chamber pa and the pressure of the right chamber pb, the control signal u is the control voltage of the valve.
where:
Measurement of friction with hysteresis loop
This paper concentrates on the description of the friction F F r , thus on the definition of a 22 . For this purpose an experimental setup was built focusing on the stick-slip effect. The experimental setup can be seen in Fig. 4 . The experiments are carried out on a standard DSNU-20-100-PPV-A Festo pneumatic cylinder equipped with a 5/3 proportional magnet valve, two pressure sensors and an accelerometer.
Fig. 4. Experimental setup
The identification of friction is based on the investigation of the stick-slip effect. As mentioned before, this effect might be much stronger in the case of pneumatic cylinders, making the identification of the friction force easier.
As excitation we set a fix voltage on the magnet valve, in other words we started to load the left chamber with slowly rising pressure while the right chamber was exhausted. In Fig. 5 . we can see the pressure difference of the two chambers during our experimental measurement which gives us the force acting on the piston.
Fig. 5. Excitation
As we can see, when the excitation force reaches the value of the static friction, the piston starts to move (slip), which motion rapidly increases the volume of the left chamber. Due to the increasing volume the pressure of the left chamber drops, resulting low pressure difference.
Thus the excitation force will also drop, the piston starts to slow down, and at the end it will reach its new steady state (stick).
As the excitation voltage is continuously at the same voltage level, at steady state the pressure will start to increase again. Thus the process starts from the beginning with the slipping of the piston at an excitation force stepping over the static friction. This way measurements can be taken right in the area of the friction hyteresis.
In Fig. 6 . and 7. one single stick-slip process is cut from the measurement, showing the measured pressure difference of the chambers and the measured acceleration.
Fig. 6. Excitation for a single Stick-Slip
Fig. 7. Acceleration during Stick-Slip
Based on the measured acceleration we can calculate the velocity by integration. Figure 8 . shows the velocityprofile during slip-stick.
We know the mass and the acceleration of the piston. Thus we know the force needed for the motion. Based on the measured pressures we indirectly measured the force acting on the piston. The difference of these two forces was dissipated by the friction. Thus we have the friction force as the function of velocity (see Fig. 9 .).
The next section gives us an overview of the applied models and the parameters of the friction models. 
MODEL FORMULATION
Four different friction models were derived to make a comparison based on the measurements:
Nonlinear parametric model based on (11) without hysteresis (conventional model based on literature).
• MODEL B: Nonlinear parametric model based on (11) with the newly proposed hysteresis model.
• MODEL C: TP model derived via indirect method of TP transformation (see Fig. 1 .) based on nonlinear parametric model with hysteresis loop.
• MODEL D: TP model derived via direct method of TP transformation (see Fig. 1 .) directly applying the measurement results of the experiments.
Model A
Based on the friction model (11) proposed by the literature, the identification of the parameters has given the following result:
Model A describes only the Stribeck curve with no hysteresis, thus the friction force is the same for acceleration and for braking situation (see Fig. 10.) .
Fig. 10. Stribeck hysteresis for Model A
Model B
In the case of the second model a new approach is proposed where we use the friction models (9) and (11), based on the sign of the acceleration: Fig. 11 . Simulated Stribeck curve Figure 11 . shows the simulated Stribeck curve with hysteresis. In Fig. 12 . the hysteresis loop is emphasized distinguishing the acceleration and braking situation.
Model B gives the following friction hysteresis compared to the measurement results: The model is built up using parametric equations. The main contribution of this model is the hysteresis loop in the friction.
Model C
The third model was designed using the indirect method of TP transformation (see Fig. 1 .) based on (23). The operation area of our experiment defines the domain and grid size of the discretization process for TP transformation. Thus the domain for the velocity is between -0.05 and 0.05 m/s with a grid size 1000 which takes 1000 discrete values in the defined domain. To specify the hysteresis loop, the TP transformation was applied for both parametric equation (9) and (11) . (11) is denoted by Str and (9) is denoted by Vis.
After applying the TP transformation, the friction for accelerated piston can be modeled using the following linear combination:
where the weighting as the function of the velocity: After applying the TP transformation, the friction for slowing piston can be modeled using the following linear combination: a The shape of the functions is quite straightforward to explain. The nonlinear friction terms are modeled using a varying viscosity coefficient, which is represented by the a 22 element in the system matrix. A small viscous coefficient in a dominates at low speed, where the Coulomb friction is comparatively large. We can also see that the rate of a 
Model D
The fourth model was designed using the direct method of TP transformation (see Fig. 1.) . The same domain and grid size was applied as in the case of Model C but for data input instead of a parametric equation directly the measurement data was used.
where the weighting as the function of the velocity:
Fig. 17. The weighing coefficients as function of velocity for Model D
After applying the TP transformation, the friction for slowing piston can be modeled using the following linear combination:
Fig. 18. The weighing coefficients as function of velocity for Model D
The friction hysteresis of Model D is shown in Fig. 19 . Note that Model D has almost the same friction hysteresis as derived from the measurement. In Fig. 19 . they are overlapping each other. The difference depends on the grid size of the TP transformation. The more measurement data we use in the TP transformation process the smaller the difference will be. There are two advantages of Model D. One is that it is not necessary to identify the parameters of the friction model (23), but we can use directly our measurements. The second is that we created a model suitable for TP control design, which provides already implemented control design tools for nonlinear systems.
Fig. 19. Stribeck hysteresis for Model D
COMPARISON
The four models are compared by using the same excitation measured during a single stick-slip phenomenon (see Fig. 6 .). Thus as excitation the pressure difference from the measurement is applied in every cases and the responses of the four models are investigated. The comparison is based on the investigation of the accelerationand velocity-answers of the different models.
Deviation of the models
The comparison of the root-mean-square deviation (RMSD) of the models compared to the measurement can be seen in Table 1 . In the case of Model A we can notice a significant difference between the simulation and the measurement. The Model C is almost the same as Model B considering the friction model. This can also be noticed on the simulation results. The difference depends on the grid size of the TP transformation. The more discretized data we use in the TP transformation process the smaller the difference will be. The main advantage of Model C is that the algorithms of TP control design for nonlinear systems can be applied for it.
Model D gives us a bit bigger difference as it is designed using the measurement data directly with no filtering. Thus the noise collected by the sensors is also built in the model. This inaccuracy can be depressed using the statistical result of repeated measurements. There are two advantages of Model D. One is that it is not necessary to identify the parameters of the friction model, but the measurement data can be directly applied for modeling. The second is that Model D is suitable for TP control design, which provides already implemented control design tools for nonlinear systems.
CONCLUSION
In this paper friction with hysteresis loop was addressed, with a brief theoretical background of the mathematical framework, friction and pneumatic servo-system models. The results show dramatic improvement in the case of applying the hysteresis instead of the conventional model without hysteresis. The application of the TP transformation made it possible to omit the identification process, still granting its control design resources for nonlinear systems.
